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Abstract
Let Ld2k be the d-dimensional space with 2k-norm. Given a nite set N of points in this space.
Find a connected graph G = (V; E) such that N V and the total length of G is minimal. Such
a network is called a Steiner minimal tree (SMT). If we connect pairs of given points only, we
nd a minimum spanning tree (MST). Whereas an MST is easy to nd a method to construct
an SMT in Ld2k needs exponential time for d = 2 and is still unknown for d> 2. The Steiner
ratio m(d; 2k) of Ld2k is a measure of how good an MST approximates an SMT. We estimate
this quantity. ? 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Starting with the famous book \What is Mathematics" by Courant and Robbins the
following problem has been popularized under the name of Steiner: For a given nite
set of points in a metric space nd a network which connects all points of the set with
minimal length. Such a network must be a tree, which is called a Steiner minimal tree
(SMT). It may contain vertices other than the points which are to be connected. Such
points are called Steiner points. A classical survey of this problem in the Euclidean
plane was given by Gilbert and Pollak [6]. An updated one can be found in [8].
If we do not allow Steiner points, that is if we connect certain pairs of given points
only, then we refer to a minimum spanning tree (MST). Starting with Boruvka in
1926 and Kruskal in 1956 [10] MSTs have a well-documented history [7] and eective
constructions [1].
Obviously, these problems depend essentially on the way how the distances in the
plane are determined. In the present paper we consider nite-dimensional spaces with
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2k-norm, dened in the following way: Let Ad be the d-dimensional ane space. For








where k is a positive integer. We get a nite-dimensional Banach space Ld2k with norm
k:k.
A graph G = (V; E) is embedded in this space in the sense that
 V is a nite set of points in the space;
 Each edge vv0 is a segment ftv+ (1− t)v0: 06t61g; v; v0 2 V ; and





Now, Steiner’s problem of minimal trees is the following:
Given a nite set N in Ld2k . Find a connected graph G = (V; E) embedded in the
space such that N V and L(G) is minimal.
A solution of Steiner’s Problem is called a SMT for N in Ld2k . We may assume
that for any SMT T = (V; E) for N the following holds: The degree of each Steiner
point v 2 V is at least 3 and jVnN j6jN j − 2.
Whereas we have algorithms to construct SMTs in L22k , see [3], but which need
exponential time, a method to nd an SMT in Ld2k ; d> 2, is still unknown.
The relative defect, which describes the length of an SMT divided by the length of
an MST, is given in the Steiner ratio:




: N Ld2k nite set

:
m(d; 2k) is a measure of how good an MST as an approximation of Steiner’s problem
in this space is. We have 1>m(d; 2k)> 12 for every dimension d [6]. In general, the
exact value of the Steiner ratio is still unknown. Our goal is to estimate this quantity
with help of the knowledge of good bounds for the Steiner ratio of Euclidean spaces
and the embeddings of Euclidean in the spaces Ld2k .
1
Ed denotes the d-dimensional Euclidean space with norm kj:kj and Steiner ratio e(d).
It holds Ed =Ld2 and we dene e(d) = m(d; 2).





= 0:86602 : : : : (1)




2 = 0:79280 : : : ; (2)
1 Such embeddings exist at most for spaces with 2k-norm, see [11].
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Table 1
Dimension d Bound by Chung Bound by Smith [13]
and Gilbert [4]
2 0:86602 : : :
3 0:81305 : : : 0:81119 : : :
4 0:78374 : : : 0:76871 : : :
5 0:76456 : : : 0:74574 : : :
6 0:75142 : : : 0:73199 : : :
7 0:74126 : : : 0:72247 : : :
8 0:73376 : : : 0:71550 : : :
9 0:72743 : : : 0:71112 : : :
10 0:72250 : : :
20 0:69839 : : :
40 0:68499 : : :
160 0:67392 : : :







2 = 0:72823 : : : : (3)
2. The Steiner ratio of Euclidean spaces
First, we consider the set N of d+ 1 nodes of a simplex with edges of unit length.
Then an MST for N has the length d. The sphere that circumscribes N has the radius
R(N ) =
p
d=(2d+ 2). With the center of this sphere as Steiner point, we nd a tree









We used a Steiner point of degree d+ 1. It is well-known that all Steiner points in
an SMT in Euclidean space are of degree 3. Consequently, the tree T described above
is not an SMT for N , if d> 2. Better estimates for e(d), based on investigations of
nite sets, can be found in Table 1.
For each dimension d> 2, at present, the exact value of the quantity e(d) is not yet
known. In particular, this is true for d=3. Smith and McGregor Smith [14] conjectured
e(3) = 0:78419 : : : .
3. The quantities m(d; 2k)
A linear map  : Ad ! Ad0 with the property kjvkj = kvk is called an isometric
embedding from Ed into Ld
0
2k .
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Table 2
W (d; 2k)
W (3; 4) = 6
W (3; 6) = 11
W (3; 8) = 16
W (4; 4) = 11
W (7; 4) = 28
W (8; 6) = 120
W (23; 4) = 276
W (23; 6) = 2300
W (24; 10) = 98280




Proof. Let N be a nite set in the Euclidean space and let  : Ed ! Ld02k be an
embedding. Then the image (N ) is a nite set of the same cardinality in Ld
0
2k .
Since the isometry  is distance preserving we have that the Euclidean length of an
MST for N is equal to the length of an MST for (N ) in Ld
0
2k .
On the other hand, it is possible that an SMT in the space Ld
0
2k is shorter than in
the \smaller" Euclidean space.
It follows that the inmum of the ratios over the Euclidean space is an upper bound
for the inmum of the ratios over (Ld
0
2k ).




It is convenient to dene the Waring number W (d; 2k) as follows
W (d; 2k) = minfd0: there is an isometric embedding  : Ed !Ld02k g: (5)
That means that an isometric embedding Ed !Ld02k exists if and only if d0>W (d; 2k). 2
Konig [9], Lyubich, Vaserstein [11] and Seidel [12] computed several Waring num-
bers exactly (Table 2).
In view of Lemma 3.1 we nd:
Theorem 3.2. For the Steiner ratio of Ld
0
2k we have e(d)>m(d
0; 2k) for any dimen-
sion d0>W (d; 2k).
For instance, recalling the Waring numbers above and inequality (2), we see that
the Steiner ratio for Ld4 is bounded in
m(d; 4) 6 0:79280 : : : for d>2;
m(d; 4) 6 e(4) 6 0:76871 : : : for d> 10;
2 The Waring number W (d; 2k) is well-dened as a consequence of the proof by Hilbert and Stridsberg
for Warings problem, which is the problem of expressing integers as sums of powers of integers.
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m(d; 4) 6 e(7) 6 0:72247 : : : for d> 28;
m(d; 4) 6 e(23) 6 0:69839 : : : for d> 275:
Particularly, m(d; 2k) is a monotone decreasing function in d. Since it is also bounded
there exists m(2k) = limd!1m(d; 2k) and m(2k)> 12 .
Corollary 3.3. m(2k)60:669842 : : : for any positive integer k.
Proof. W (d) grows in the dimension d. It follows that the Steiner ratio tends to the
limit of e(d).
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